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Midterm Review Problems "
I. !Unit Conversion and Dimensional Analysis!
II.  Ohm’s Law and Circuit Problems!
III.  Error Analysis!
IV.  Signals and Fourier Series!
V.  Instrumentation, Calibration, and Resolution!
VI.  Probability and Statistical Analysis!
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I. Units and Dimensional Analysis, Beckwith 
Chapter 2, Section 1 of Class Notes "

1) !

Ru =1545.34 ft−lbf
o R− lbm−mol( )

Ru =
1545.34 ft−lbf

o R− lbm−mol( )

×0.3048m
ft

×
1

2.204 kg
lbf

×1.8 o R
o K

×2.204 lbm−mol
kg−mol

×9.8067 m
sec2

=

8314.47
kg−m2

sec2−oK− kg−mol( )

= 8314.47 N−m
oK− kg−mol( )

= 8314.47 J
o K− kg−mol( )

In SI units!

Solution:!

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore



MAE 3340 INSTRUMENTATION SYSTEMS! 3!

Units and Dimensional Analysis "

2) Show in Fundamental  MKS units that the power dissipated in a 
Resistor has units of Watts … Prove 2 Ways …!

→ PR = I
2 ⋅R

→ PR = I ⋅V
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Units and Dimensional Analysis "
2) …!

PR = I
2 ⋅R→ A2 ⋅ m

2 ⋅ kg
s3 ⋅A2

=

kg ⋅m
s2

⋅
m
sec

=
N ⋅m
sec

=
J
s
=Watts

PR = I ⋅V → A ⋅ m
2 ⋅ kg
s3 ⋅A

=

kg ⋅m
s2

⋅
m
sec

=
N ⋅m
sec

=
J
s
=Watts

Solution: !
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II. Circuit Analysis, Ohms Laws, Beckwith 
Chapter 7, Section 2 of Class Notes "

3) …! Problem 7.6 in Beckwith!

Voltmeter Output:!
eo!

Volt Meter !
Resistance: RL!

Below     !
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Circuit Analysis, Ohms Laws!

3) …! Problem 7.6 in Beckwith!
Solution for Classical 
Voltage Divider  !
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Circuit Analysis, Ohms Laws "

4) …!
Problem 7.7 in Beckwith!

What is the ratio of e0/ei when the meter resistance RL becomes very 
large?!

Voltmeter Output:eo!

Volt Meter !
Resistance: RL!

Req = (1− k) ⋅Rp +
1

1
k ⋅Rp + Rp

+
1
RL

= (1− k) ⋅Rp +
1+ k( ) ⋅Rp ⋅RL

RL + 1+ k( ) ⋅Rp

=

(1− k) ⋅Rp ⋅ RL + 1+ k( ) ⋅Rp( )+ 1+ k( ) ⋅Rp ⋅RL

RL + 1+ k( ) ⋅Rp

(1− k) ⋅Rp ⋅RL + 1− k
2( ) ⋅Rp

2 + 1+ k( ) ⋅Rp ⋅RL

RL + 1+ k( ) ⋅Rp

=

2 ⋅Rp ⋅RL + 1− k
2( ) ⋅Rp

2

RL + 1+ k( ) ⋅Rp

=

2 ⋅Rp ⋅RL 1+
1− k2

2
#

$
%

&

'
(⋅
Rp

RL

#

$
%

&

'
(

RL + 1+ k( ) ⋅Rp

=

2 ⋅Rp ⋅ 1+
1− k2

2
#

$
%

&

'
(⋅
Rp

RL

#

$
%

&

'
(

1+ 1+ k( ) ⋅
Rp

RL
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Circuit Analysis, Ohms Laws!
4) …! Solution!

Req =
2 ⋅Rp ⋅ 1+

1− k2

2
#

$
%

&

'
(⋅
Rp

RL

#

$
%

&

'
(

1+ 1+ k( ) ⋅
Rp

RL

I = ei
Req

→→ ei = e0 + I ⋅ 1− k( ) ⋅RP =

e0 + 1− k( ) ⋅RP ⋅
ei
Req

→→ e0 = ei 1−
1− k( ) ⋅RP
Req

$

%
&&

'

(
))

Simplify …!

e0 = ei 1−
1− k( ) ⋅RP
Req

#

$
%%

&

'
((= ei 1− 1− k( ) ⋅RP

1+ 1+ k( ) ⋅
Rp

RL

2 ⋅Rp ⋅ 1+
1− k2

2
#

$
%

&

'
(⋅
Rp

RL

#

$
%

&

'
(

#

$

%
%
%
%%

&

'

(
(
(
((

=

ei 1−
1
2
⋅
1− k + 1− k2( ) ⋅ Rp

RL

1+ 1− k2

2
#

$
%

&

'
(⋅
Rp

RL

#

$
%

&

'
(

#

$

%
%
%
%%

&

'

(
(
(
((

= ei

1+ 1− k2

2
#

$
%

&

'
(⋅
Rp

RL

#

$
%

&

'
(−
1− k
2

+
1− k2( )
2

⋅
Rp

RL

1+ 1− k2

2
#

$
%

&

'
(⋅
Rp

RL

#

$
%

&

'
(

#

$

%
%
%
%
%

&

'

(
(
(
(
(

=
ei
2

k +1

1+ 1− k2

2
#

$
%

&

'
(⋅
Rp

RL

#

$
%

&

'
(

#

$

%
%
%
%%

&

'

(
(
(
((
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Circuit Analysis, Ohms Laws!
4) …!

RL⇒∞ → e0 = ei
k +1

2
$

%
&

'

(
)

→Check....Voltage....Divider...
     for infinite impedance

 eo

ei

=
Rp + k ⋅Rp

1− k( ) ⋅Rp + Rp + k ⋅Rp

=
1+ k( )

2
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III. Error Analysis, Beckwith Chapter 3, 
Section 1.2 of Class Notes "

5) …! Problem 3.3 in Beckwith!

Solution!

1.4425 kΩ"

Req =
1

1
R1
+
1
R2

=
R1 ⋅R2
R1 + R2

=
12×68
12+68

=10.2kΩ
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III. Error Analysis, Beckwith Chapter 3, 
Section 1.2 of Class Notes "

5) …! Problem 3.3 in Beckwith! Solution!

UReq
=

∂Req
∂R1

"

#
$

%

&
'

2

UR1
2 +

∂Req
∂R2

"

#
$

%

&
'

2

UR2
2 →

∂Req
∂R1

=
R2

R1 + R2
−

R1 ⋅R2
R1 + R2( )2

=
R2 R1 + R2( )− R1 ⋅R2

R1 + R2( )2
=

R2
R1 + R2

"

#
$

%

&
'

2

∂Req
∂R2

=
R1

R1 + R2
−

R1 ⋅R2
R1 + R2( )2

=
R1 R1 + R2( )− R1 ⋅R2

R1 + R2( )2
=

R1
R1 + R2

"

#
$

%

&
'

2

UReq
=

R2
R1 + R2

"

#
$

%

&
'

4

UR1
2 +

R1
R1 + R2

"

#
$

%

&
'

4

UR2
2 =

+ 0.880kΩ"
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III. Error Analysis, Beckwith Chapter 3, 
Section 1.2 of Class Notes "

5) …!
Problem 3.3 in Beckwith! Solution!

UReq
=

R2
R1 + R2

!

"
#

$

%
&

4

UR1
2 +

R1
R1 + R2

!

"
#

$

%
&

4

UR2
2 =

= + 0.870kΩ"
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III. Error Analysis!
6) …!Problem 3.6 in Beckwith!

Solution … !

111.286Ω
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III. Error Analysis!
6) …!Problem 3.6 in Beckwith!

Solution … for part a) !

∂R
∂R1

=1

∂R
∂R2

=
R3

R2 + R3

"

#
$

%

&
'

2

∂R
∂R3

=
R2

R2 + R3

"

#
$

%

&
'

2

(

)

*
*
*
*
*
*
*
*
*

+

,

-
-
-
-
-
-
-
-
-

→

UR = R1 ⋅
UR1

R1

"

#
$

%

&
'

2

+
R3

R2 + R3

"

#
$

%

&
'

2

UR2

"

#
$
$

%

&
'
'

2

+
R2

R2 + R3

"

#
$

%

&
'

2

UR3

"

#
$
$

%

&
'
'

2

=

R1 ⋅
UR1

R1

"

#
$

%

&
'

2

+
R2 ⋅R3
R2 + R3

"

#
$

%

&
'

2

⋅
1
R2
⋅
UR2

R2

"

#
$
$

%

&
'
'

2

+
R2 ⋅R3
R2 + R3

"

#
$

%

&
'

2

⋅
1
R3
⋅
UR3

R3

"

#
$
$

%

&
'
'

2

=

47Ω ⋅0.01( )2 + 64.2857Ω( )2 ⋅ 1
100Ω

⋅0.01
"

#
$

%

&
'

2

+ 64.2857Ω( )2 ⋅ 1
180Ω

0.01
"

#
$

%

&
'

2

=

±0.667Ω
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III. Error Analysis!
6) …!Problem 3.6 in Beckwith!
Solution … for part b) !

∂R
∂R1

=1

∂R
∂R2

=
R3

R2 + R3

"

#
$

%

&
'

2

∂R
∂R3

=
R2

R2 + R3

"

#
$

%

&
'

2

(

)

*
*
*
*
*
*
*
*
*

+

,

-
-
-
-
-
-
-
-
-

→

UR = R1 ⋅
UR1

R1

"

#
$

%

&
'

2

+
R3

R2 + R3

"

#
$

%

&
'

2

UR2

"

#
$
$

%

&
'
'

2

+
R2

R2 + R3

"

#
$

%

&
'

2

UR3

"

#
$
$

%

&
'
'

2

=

R1 ⋅
UR1

R1

"

#
$

%

&
'

2

+
R2 ⋅R3
R2 + R3

"

#
$

%

&
'

2

⋅
1
R2
⋅
UR2

R2

"

#
$
$

%

&
'
'

2

+
R2 ⋅R3
R2 + R3

"

#
$

%

&
'

2

⋅
1
R3
⋅
UR3

R3

"

#
$
$

%

&
'
'

2

=

47Ω ⋅0.1( )2 + 64.2857Ω( )2 ⋅ 1
100Ω

⋅0.01
"

#
$

%

&
'

2

+ 64.2857Ω( )2 ⋅ 1
180Ω

0.05
"

#
$

%

&
'

2

=

±4.856Ω
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IV. Signal and Fourier Series, Beckwith 
Chapter 4, Sections 2.1,2.2 of Class Notes "

7) …Problem 4.1 in Beckwith!

Stephen Whitmore
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Signal and Fourier Series!
8) …Problem 4.9 in Beckwith!

a) What is the fundamental frequency of the waveform below?!

b) Calculate the mean value and Fourier Series Expansion of the 
signal?!

Stephen Whitmore
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Signal and Fourier Series "
8) …Problem 4.9 in Beckwith (Solution)!

0!

0!

Fundamental Frequency!

Mean Value!

Stephen Whitmore
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Signal and Fourier Series "
8) …Problem 4.9 in Beckwith (Solution)!

t ⋅ cosn ⋅ π ⋅ t ⋅dt
0

1

∫ =
1

n ⋅ π( )2 ⋅ cosn ⋅ π ⋅1− cosn ⋅ π ⋅0( )+ sinn ⋅ π
n ⋅ π( )

− 0( ) =
−1( )n −1
n ⋅ π( )2

cosn ⋅ π ⋅ t ⋅dt
1

2

∫ =
1
n ⋅ π( )

sinn ⋅ π ⋅2− sinn ⋅ π ⋅1( ) = 0

An =
200
T

⋅
−1( )n −1
n ⋅ π( )2 =100 ⋅

−1( )n −1
n ⋅ π( )2 =→

n = 1,     2,     3,     4,     5,    6...{ }

An = −
200
π 2 ,0,− 200

3⋅ π( )2 ,0,− 2000
5 ⋅ π( )2 ,0...

&
'
(

)(

*
+
(

,(

An =
2
T

100 ⋅ t ⋅ cosn ⋅ π ⋅ t ⋅dt
0

1

∫ + 100 ⋅ cosn ⋅ π ⋅ t ⋅dt
1

2

∫
$

%
&

'

(
)
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Signal and Fourier Series "
8) …Problem 4.9 in Beckwith (Solution)!

Bn =
2
T

100 ⋅ t ⋅sinn ⋅ π ⋅ t ⋅dt
0

1

∫ + 100 ⋅sinn ⋅ π ⋅ t ⋅dt
1

2

∫
$

%
&

'

(
)

t ⋅sinn ⋅ π ⋅ t ⋅dt
0

1

∫ =
−1
n ⋅ π( )

⋅ 1⋅ cosn ⋅ π ⋅1−0 ⋅ cosn ⋅ π ⋅0( )+ sinn ⋅ π ⋅1
n ⋅ π( )2 −

sinn ⋅ π ⋅0
n ⋅ π( )2 = −

−1( )n

n ⋅ π( )

sinn ⋅ π ⋅ t ⋅dt
1

2

∫ =
−1
n ⋅ π( )

cosn ⋅ π ⋅2− cosn ⋅ π ⋅1( ) = −1
n ⋅ π( )

1− −1( )n( ) = −1( )n −1
n ⋅ π( )

Bn =
200
T

⋅ −
−1( )n

n ⋅ π( )
+
−1( )n −1
n ⋅ π( )

%

&
'
'

(

)
*
*
=
−100
n ⋅ π( )

→

n = 1,     2,     3,     4,     5,    6{ }...

Bn =
−100
π

,−100
2π

,−100
3π

,−100
4π

,−100
5π

,−100
6π

...
,
-
.

/
0
1

n =1→ cos 1⋅ π( ) = −1
n = 2→ cos 2 ⋅ π( ) = +1
n = 3→ cos 3⋅ π( ) = −1
n = 4→ cos 4 ⋅ π( ) = +1
...

%

&

'
'
'
'
'
'
'

(

)

*
*
*
*
*
*
*

→ cos n ⋅ π( ) = −1( )n

cos n ⋅2 ⋅ π( ) =1 for  n = 1,2,....∞{ }
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Signal and Fourier Series "
8) …Problem 4.9 in Beckwith (Solution)!

y(t)= 75 psi + 100 ⋅
−1( )n −1
n ⋅ π( )2

⋅ cosn ⋅ π ⋅ t + −100
n ⋅ π( )

⋅sinn ⋅ π ⋅ t
$

%
&&

'

(
))
psin=1

∞

∑
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Signal and Fourier Series "
9) …Problem 4.13 in Beckwith!

fNyq =
1

2 ⋅ Δt
=
fs
2
=

4096Hz
2

= 2048Hz

Trecord = N ⋅ Δt =
N
fs
=

2048
4096

=
1
2

 seconds

→Δfmin =
1

Trecord
= 2 Hz..."Bandwidth resolution"
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Signal and Fourier Series "
9) …Problem 4.13 in Beckwith!

Harmonics … n=1 (500 Hz), n=2 (1000 Hz), n=3 (1500 Hz)!

n=4 (2000 Hz) can be captured … higher harmonics get aliased!

n=5 (2500 Hz) … aliased to 2048 Hz – (2500-2048) = 1596 Hz!

n=6 (3000 Hz) … aliased to 2048 Hz – (3000-2048) = 1096 Hz!

n=7 (3500 Hz) … aliased to 2048 Hz – (3500-2048) = 596 Hz!

n=8 (4000 Hz) … aliased to 2048 Hz – (4000-2048) = 96 Hz!

Stephen Whitmore
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Signal and Fourier Series "
9) …Problem 4.13 in Beckwith!

fNyq = 2048Hz
“Folding Diagram”!

Stephen Whitmore
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Signal and Fourier Series "
10) …Example 4. 3 in Beckwith!
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V. Instrumentation, Calibration, and Resolution, , 
Beckwith Chapter 1, Sections 1.1, 1.2 of Class Notes!

•  Consider the Pressure Transducer PXCPC-150GV!
•  0-150 psig full scale (above ambient) gives 0-90 mV output !
•  +1% Linearity, Hysteresis Error (maximum)!
•  A gauge pressure transducer measured the deviation from the local ambient 

pressure !

Stephen Whitmore
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11) Instrumentation, Calibration and Resolution!

a)   … what is the nominal sensitivity of the transducer  in units of  Volts/psig (output/input)!

b)   … If the anticipated nominal pressure level for your experiment is 1000 kPa gauge, what 
output voltage would you expect from your transducer?!

c)   Based on the spec … 150 psig full scale = 90 mV + 5 mV output … What is the expected 
accuracy of your (1000 kPa) measurement in units of kPa? ….  percentage of reading?!

•  Consider the Pressure Transducer PXCPC-150GV!
•  0-150 psig full scale (above ambient) gives 0-90 mV output !
•  +1% Linearity, Hysteresis Error (maximum) Volt/psig (output/input)? !

Sensititivy = 90mV
150 psig

×
1V

1000mV
= 0.006 V

psig

Output = 0.006 V
psig

×1000kPa ×
14.696 psig

kPa−g

101.325
= 0.87Volts

Stephen Whitmore
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11) Instrumentation, Calibration and Resolution!
c) Based on the spec … 150 psig full scale = 90 mV + 5 mV output … What is the expected 

precision uncertainty of your measurement in terms of the percentage of full scale 
reading?!

 In units of kPa? … assuming a nominal pressure input of 1000 kPa? psig?!

Uprecision

Pfull /scale
=±

5mV
90mV

×100 = 5.56% full /scale

Full / scalekPa =150 psi g×
101.325 kPa−g

psig

14.696
=1034.21kPa

UprecisionkPa =±
5.56%
100

×1000kPa =±55.6kPa

UprecisionkPa =±55.6kPa×
14.696 psig

kPa−g

101.325
=±8.067 psig
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11) Instrumentation, Calibration and Resolution!
d) You are going to sample the transducer output using one of two available USB-Based DAQ 

devices!

NI-6009 USB-Based DAQ, !
8 analog inputs (14-bit 

resolution) !

NI USB-6002 Low-Cost Multifunction 
DAQ for Basic, Quality Measurements,!

8 analog inputs (16-bit resolution) !

• Which Unit 
Should you 

Chose? To give 
the best!

Resolution?!

Stephen Whitmore
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11) Instrumentation, Calibration and Resolution!
• Calculate the available least-significant bit (lsb)for NI-6009 and USB-6002 and compare!

• LSB value in Volts/count, psig/count, kPa/count!

NI −6009→ select ±1V  minimum range

lsb→ 2V
214 = 0.12×10−3

V /bit

U psig →
0.12×10−3

V /bit

0.006 V
psig

= 0.0204 psig
count

UkPa → 0.0204 psig
count

×

101.325 kPa−g
psig

14.696
= 0.140 kPa

count

USB−6002→±10V  fixed range

lsb→ 20V
216 = 0.305×10−3

V /bit

U psig →
0.12×10−3

V /bit

0.006 V
psig

= 0.051 psig
count

UkPa → 0.051 psig
count

×

101.325 kPa−g
psig

14.696
= 0.351 kPa

count

14-Bit DAQ with +1V range has better selection for this application!

14-bit!
16-bit!
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11) Instrumentation, Calibration and Resolution!
• How many “counts” will your DAQ display for the nominal 1000 kPa reading?!

• What is your estimated end-to-end measurement accuracy Include precision, hysteresis, 
resolution of DAQ?! UprecisionkPa =±55.6kPa

Uresolution  kPa =±0.140 kPa
count

Uhysteresis =±1% fullscale =

±0.01×150 psig ×

101.325 kPa
psig

14.696
=10.342kPa

Utotal = U 2
precisionkPa +U

2
resolution  kPa +U

2
hysteresis =

55.62 +0.142 +10.3422
kPa =±56.55kPa

… or about 57% of 
expected reading!

→
1000kPa

0.14 kPa
count

= 7142 counts
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VI. Probability and Statistical Analysis!

12) Problem 3.20 Beckwith!
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VI. Probability and Statistical Analysis!
12) Problem 3.20 Beckwith!
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13) Propellant Analysis !
• We’ve Been asked to compare the performance of two HAN-based 
propellant formulations!
1.   ... The well known Army-Developed HAN LP 1846 HAN-Based 

Monopropellant for Artillery and Ordnance Applications that consists of the 
mass proportions shown by the table below!

2.   .. The lesser-known known Aerojet Formulation HAN269MEO15 which 
consists of the mass proportions shown by the table above!

34!
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The following results were collected for 8 HAN LP 1846 thruster tests   !

35!

tc/2=0.475,ν=7 =2.363

confidence
interval

→ tc/2=0.475,ν=7 ⋅
Sx
n
= 2.363⋅ 4.618

8
= 3.86

D.O.F =7!

µ Isp =150.659± 3.86sec

Propellant Tests!
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Results Analysis (cont’d)!

The following test results were collected for HAN 269MEO15: !

36!

• Only 4 HAN 269MEO tests were 
performed due to limited propellant 
availability!

D.O.F =3!
tc/2=0.475,ν=3 = 3.182

confidence
interval

→ tc/2=0.475,ν=3 ⋅
Sx
n
= 3.182 ⋅1.332 = 2.119

µ Isp =154.55±2.119sec
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Results Analysis (cont’d)!

• Based on these test results, Aerojet claims HAN269MEO15 
generates superior performance when compared to  LP 1846 
… let’s evaluate that claim!!

• Use the “t-test” and the appropriate degrees of freedom to assess 
whether the observed differences in Specific Impulse are 
statistically significant. !

• Use a 95% confidence interval for this assessment. !

37!

µ Isp =150.659± 3.86sec
LP 1846 !

µ Isp =154.55±2.119sec
HAN269MEO15!
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Results Analysis (cont’d)!

38!
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Results Analysis (solution)!

39!

sec!

 • Calculate t-variable!

 • Calculate effective DOF!

Round to 9 DOF!
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Results Analysis (solution)!

40!
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Results Analysis (solution)!

41!
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Results Analysis (solution)!

42!

…. Performance of HAN 269MEO15 is  statistically better than 
HAN LP1846 at a 95% confidence level!

…. In fact the statistical difference is valid up to a 98.2% 
confidence level!!

2.90054 > t c/2, v =  2.258 !
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14) Problem 3.24 Beckwith !

43!
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14) Problem 3.24 Beckwith !

44!
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